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NEW PROOFS FOR INEQUALITIES OF POWER-EXPONENTIAL
FUNCTIONS
BAI-NI GUO AND FENG QI
Abstract. Some new proofs for the following inequalities of power-exponential
functions are given
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where y > x > 0 and (x− 1)(y − 1) > 0.
1. Introduction
Using different techniques, Professor Dr. F. Qi and L. Debnath proved the
following in [6]:
Theorem 1. For y > x > 0 and (x− 1)(y − 1) > 0, we have
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For 0 < x < 1 < y, the right hand sides of (1) and (2) are reversed.
If 0 < x < 1 < y or 0 < x < y < e, then
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y lnx
x ln y
· y
x − 1
xy − 1 > 1. (3)
If e < x < y, then inequality (3) is reversed.
The following lemma is well-known:
Lemma 1 ([3, page 11]). If f(t) is an increasing integrable function on I, then the
arithmetic mean of the function f(t),
Φ(r, s) =

1
s− r
∫ s
r
f(t) dt, r 6= s,
f(r), r = s,
(4)
is also increasing with both r and s on I.
Date: December 26, 2000.
2000 Mathematics Subject Classification. Primary 26D07, 26D20.
Key words and phrases. Inequality, power-exponential function, arithmetic mean,
monotonicity.
The author was supported in part by NSF of Henan Province (no. 004051800), SF for Pure
Research of the Education Department of Henan Province (no. 1999110004), Doctor Fund of
Jiaozuo Institute of Technology, and NNSF (no. 10001016) of China .
This paper was typeset using AMS-LATEX.
1
2 B.-N. GUO AND F. QI
The above lemma was reproved and used successfully to verify monotonicity,
logarithmic convexity, and other properties of the extended mean values, generalized
weighted mean values, and generalized abstracted mean values in [4, 5] and [7, 8].
In this paper, using Lemma 1 and other techniques, we will give some new proofs
for the inequalities of power-exponential functions presented in Theorem 1.
2. New proofs
2.1. New proof of the right hand side of inequality (1).
2.1.1. First proof. Using standard arguments, the right hand side of inequality (1)
can be rewritten as
(1− x) ln y > (1− y) lnx (5)
for y > x > 0 and (x− 1)(y − 1) > 0. Inequality (5) is equivalent to
ln y
1− y >
lnx
1− x. (6)
By Lemma 1, we may deduce that the function φ defined by
φ(u) =
lnu
u− 1 =
1
u− 1
∫ u
1
1
t
dt,
φ(1) = 1
(7)
is decreasing for u > 0. Therefore, inequality (6) holds and the right hand side of
inequality (1) follows.
2.1.2. Second proof. We can rewrite the right hand side of inequality (1) as follows.
y
1
y−1 < x
1
x−1 (8)
for y > x > 0 and (x− 1)(y − 1) > 0. This is equivalent to the function t 1t−1 , and
then the function ln tt−1 , decreasing in t > 0. This was done in [6].
2.2. New proofs of inequality (2).
2.2.1. First proof. It is easy to see that inequality (2) is equivalent to
y ln y
y − 1 >
x lnx
x− 1 (9)
for y > x > 0 and (x− 1)(y − 1) > 0.
From Lemma 1, we obtain that the function
ϕ(u) =
u lnu
u− 1 =
1
u− 1
∫ u
1
(1 + ln t) dt,
ϕ(1) = 1
(10)
is increasing for u > 0. Therefore, inequality (9) holds and (2) follows.
2.2.2. Second Proof. Inequality (2) can be rewritten as
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which is equivalent to
y
y
y−1 > x
x
x−1 (12)
for y > x > 0 and (x− 1)(y − 1) > 0. It suffices to prove that the function t ln tt−1 is
increasing in t > 0. This was done in [6].
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2.3. New proof of the left hand side of inequality (1). The equivalent form
of the left hand side of inequality (1) is
xy − 1
yx − 1 >
lnx
ln y
(13)
for (x− 1)(y − 1) > 0 and y > x > 0.
Let ω(t) = xyt and ψ(t) = yxt for t ∈ [0, 1]. Direct computation yields
ω′(t) = xyt · y lnx,
ψ′(t) = yxt · x ln y. (14)
Then, using the Cauchy’s mean-value theorem for differentiation and the right
inequality in (1), there exists a point ξ ∈ (0, 1), such that
xy − 1
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2.4. New proofs of inequality (3). Since the inequality xy < yx holds for 0 <
x < y < e and is reversed for e < x < y, (For more information about this
inequality, please refer to [1, 2, 3, 6]), from the first three lines in inequality (15),
we have that
xy − 1
yx − 1 =
(
xy
yx
)ξ
· y lnx
x ln y
<
y lnx
x ln y
(16)
holds for 0 < x < y < e and is reversed for e < x < y. This implies that the right
hand side of inequality (3) holds.
In [6], it was proved that the function t−1ln t is increasing in t > 0. For y > 1 >
x > 0, we have yx > 1 > xy, and thus
yx − 1
ln yx
>
xy − 1
lnxy
. (17)
This implies that the right hand side of inequality (3) holds.
For 0 < x < y < e, we have yx > xy, and applying the same procedure produces
an identical result.
It was also proved in [6] that the function t−1t ln t decreases in t > 0. Since the
inequality xy < yx holds for 0 < x < 1 < y and for 0 < x < y < e, then
yx − 1
yx ln yx
<
xy − 1
xy lnxy
. (18)
Simplification of inequality (18) gives us the left hand side of inequality (3).
Similar arguments enable us to establish the reversed inequalities.
4 B.-N. GUO AND F. QI
References
1. P. S. Bullen, A Dictionary of Inequalities, Pitman Monographs and Surveys in Pure and
Applied Mathematics 97, Addison Wesley Longman Limited, 1998.
2. J.-C. Kuang, Applied Inequalities (Changyong Budengshi), 2nd edition, Hunan Education
Press, Changsha, China, 1993. (Chinese)
3. D. S. Mitrinovic´, Analytic Inequalities (Jiexi Budengshi), Chinese Edition, translated by X.-P.
Zhang and L. Wang, Science Press, Beijing, 1987. (Chinese)
4. F. Qi, Generalized abstracted mean values, J. Ineq. Pure Appl. Math. 1 (2000), no. 1, Article
4. http://jipam.vu.edu.au/v1n1/013 99.html. RGMIA Res. Rep. Coll. 2 (1999), no. 5, Article
4, 633–642. http://rgmia.vu.edu.au/v2n5.html.
5. F. Qi, Logarithmic convexity of extended mean values, Proc. Amer. Math. Soc.
(2001), in the press. RGMIA Res. Rep. Coll. 2 (1999), no. 5, Article 5, 643–652.
http://rgmia.vu.edu.au/v2n5.html.
6. F. Qi and L. Debnath, Inequalities of power-exponential functions, J. Ineq. Pure Appl. Math.
1 (2000), no. 2, Article 15. http://jipam.vu.edu.au/v1n2/011 99.html.
7. F. Qi, J.-Q. Mei, D.-F. Xia, and S.-L. Xu, New proofs of weighted power mean inequalities and
monotonicity for generalized weighted mean values, Math. Ineq. Appl. 3 (2000), no. 3, 377–383.
8. F. Qi, S.-L. Xu, and L. Debnath, A new proof of monotonicity for extended mean values,
Intern. J. Math. Math. Sci. 22 (1999), no. 2, 415–420.
Department of Mathematics, Jiaozuo Institute of Technology, Jiaozuo City, Henan
454000, The People’s Republic of China
Department of Mathematics, Jiaozuo Institute of Technology, Jiaozuo City, Henan
454000, The People’s Republic of China
E-mail address: qifeng@jzit.edu.cn
URL: http://rgmia.vu.edu.au/qi.html or http://rgmia.vu.edu.au/authors/FQi.htm
